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A2PIZCATIONOF = LRtEARIZEDTEEORY01’SUPERSONIC
FLOWTo m Esmwl?IoI’7OFcoNmoL-
SURFACECHARACT!ERIBTICS
By CharlesW. Frick,Jr.
&mwn oonical-flowsolutionsofthelinearizedequationforthe
velocitypotentialinsupersonicflowareappliedto thecalculation
ofthecharacteristicsofcontrolsurfaces.Completesolutionsfor
thepressuredistributionsareobtainedforcontrolsru’faoeswith
hingelinessweptaheadof or behtidtheMachlinewhenthecontrol-
surfacetrailingedgeissweytaheadofthelhchlfne,Useful
approximatesolutionsofgoodaccuracyareobtainedwhenthetrailing
edgefs sweptbehindtheMachline.Applicationsofthetheoryto
theesthationof thehing&nanentandeffectivenesscharacteristics
ofelevatorsandaileronsarepresented.
mTRomcTmN
Whl.lethecharacteristicsofcontmolsurfacesareinfluencedto
a largeextentby viscosityeffectsothatextensivexperimental
investigationsexerequired,it isevideritthattheoreticalestha~
tionsofthesecharacteristicsarenecessaryforcoordinatedxperi-
ments.Existingtheoreticaltreatmentsconsider,forthemostpart,
caseswherethehingellneandtrailingedgeareswepttieadofthe
Machlinessadspecialoontroltypes.1
~ thepresentreport,controlsurfaoeswithhingelfnesswept
aheadof orbehindtheMachlinezandwithtrailingedgesswept
aheadof orbehindtheMachlineareconsidered.Use ismadeofthe
solutionforlinesourcesintheaccelerationpotentialfieldas givenby
%?otably& a paperby P.A.Lagerstromgivenat thewintermeettigof
theInstituteoftheAeronauticalSciencesb NewYorkCity,
Jan- 27- 30,1948.
%Ithasbeenfoundconvenientto desi~atea hingelinesweptahead
of orbehindtheMachltneas a supersonicora subscmichinge
line. Thisnotathnisalsoappliedto trailtigandleadtige~sb
andalwaysmeansthatthecomporientofthestreamvelocityperpen-
dicularto thelineoredgereferredto issupersonicor subsonic.
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R. T. Jonesinreference1 to determinethebasicliftsdueto
contro&surfaced flection.Theeffectsoftheinteractionbetween
theupperandlowersurfacesaroundthesubsonicedgesoftheplan
formaredeterminedby a “cancellationoflift”mthcd originatedby
Dr.PacoLagerstrcmandusedby himina recentpapertreating
downwashcalculationspresentedbefcrrethe1947summrmetingof
theInstituteofAeronauticalSciencesinLosAngeles.LRIisnBthcM
,wassubsequentlyappliedbyDorisCohenina recentNACAreport
(refemmce2)to thecalculationfthecharacteristicsofflat
liftingwingsat supersonicspeeds.Thenotaticmof reference 2 is
usedthroughoutthisreport.
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SYMBUISANDccEFFImm
CartesIanc.ocrdkates
flightvelocity
Machnumber “
m
perturbationvelocityin x-dirmtion
-c pressure
()
1~
~P
lifting+ressurecoefficient
mar ~flecti~ ofthecmtrolsurface aboutthehinge
line,downwardmovementofthetrailingedgeconsidered
positivedeflection
valueof y definingdistancefromoriginof’coordinatesto
thetipofthewing
spanofthewing
‘Throughoutthisreport,theterm“basiclift”mans thelift
providedby thedeflecticnofthecontrolsurfacewithoutccnsi.der&
tionoftheinducednegativeliftdueto theinteractionbetween
theupperandlowersurfacesofthewingaroundthesubsonicedges
oftheplanform.
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spanwisedistance
aileron
3
fromwingcenterlineto inboardendof
?)paramterdefining a ray from the origin a = ~
valueof a fortherayfrmntheoriginw~lchpassesthrough
thetrailingedgeofthetipofthewing
thevalueof a fortheray@at passesthroughtheleading
edgeofthetipof the wing%
tilmsinclinationfthe
theraywhichliesalong
tinwsinclinationfthe
X+XIS4
tiresincl~nationfthe
hingeline(the4valueof a for
thehingeline)
trailingedgemeasuredfromthe
wingleadingedgemeasuredfrom
thex+urls+
parsmterdefininga rayfrmntheapexofa superposedsector
[
$(Y-Ya)t~=—X-xa 1
valueof y at theapexof anysuperposedconstantliftsector
valueof x at theapexofanysuperposedconstantliftsector
chcmiofthecontrolsurfacealongthex-axis
rootman squarechordofWe controlsurfaoe
chordofthew5ng(includingtheoontrolsurfaoe) at theorigin.
ofcoordinatesmasuredinthex-direction
man aerodynamicchordofthewing
distancefrcuathevertexofthewingto theaigin of
coordinateofthecontrolsurfaceinthex-direction
wingarea
liftorrolling_nt
lAsshowninfigure1.
NACATNNo. lyyl
pitchingmoment
hingem~nt
dsmpinginroll
wing-tiphelixangle
variat@nofhlnge+mmentcoeffioientwithcontrol-surfaoe
deflectionat oonstantwingangleofattaok
variationofhinge~ nt coefficientwithwingangleof
attackat constantcontroldeflection
variationofliftcoefficientwithdeflectionofcontrol
surfaoeat constantwingan&’ ofattack
variationofliftcoefficientwithwingangleofattackat
oonstantcontrol-surfacedeflection
variationofyawing-momentcoefficientwithcontrol-surfaoe
deflectionatconstantangleofa’ttack
ratiooftheangleofattackneoessarytoproduoeunitlift
coefficienta constantcontroldeflectiontothecontrol
deflectionnecessarytoproduceunit liftcoefficienta
constantwingangleofattack (~/~)
variationofpitching-momentcoefficientwithcontrol-
surfaoedeflectionat constantwingangleofattack
variationofrolli~nt coefficientwithcontrol+urface
deflectionat constantsideslipangle
BASICLIFTDISTRIBUTI~DUETO .
CON’ZROIA9URI’ALT3IEFIECTION.
Forthepurposeofobtainingtheliftproduoedby andthe
hingemomentresultingfromthedeflectionofa thinflatcontrol
surfacehingedona thinflatwing,itmaybe assumedthatwithin
theMmftationsofthelineartheory,theliftproducedby control-
surfacedeflectionisindependentof theliftproducedby theangle
ofattackofthewing. Thisassumptioneliminatesthenecessityof
consideringthewingplanformexceptwithinthezoneof influenoe
ofthecontrolsurfaceandpermitstheapplicationfImown
.
#
—
.
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linearizedmathematicalsolutionsforsupersonicflow.5
In developingthelinsartheoryofconlzrolsurfacesat super-
sonicspeeds,itisconvenientto dividethetotalliftprovided
by thedeflectionofthecontrolsurfacehingedona finitewing
fntotwoparts.Thefirstpart,whichwillbecalledthebasiclift,
istheliftprovidedby thedeflectionoftheccmtrolsurfacewhen
thewingbounkriesextendtothekkchconeinthecross-stream
directionandto infitityinthedownstreamdirectionor inother
wordswhentheextentofthewingis suchas toyrecludeinteraction
betweentheupperandlowersurfaces.Thesecondpsrt,lnmwnas the
inducedlift,isthelift,usuallynegative,whichisdueto the
interaction%etweentheupperandlowersurfacesaroundthesubsonic
edgesofthewingplanform.
Theoriginof thecoordi~tesystemisplacedat theforemost
pointofthehingelineofthecontrolsurfaceas showninfigure1.
It isfoundthatthefollowingboundaryconditionsmustbe satisfied
inthemathe-ticaltreatmntofthebasiclift.
(a) Thesurfacebehindthehingelinemustbe flatandhave
theslopeinthestreamdirection
dz
—= bcoscot–=; =b mdx J-
(b)Thesurfaceaheadofthehingelinemustbe flatandmust
etiendup to orforwardoftheMch conefromtheorigin;inother
words,no downwashorupwashdueto controldeflectionmayexist —
aheadofthehingeline.
Thesolutioncorrespondingto theseloundsryconditionsisthat
forcm inclinedlinesourceintheaccelerationpotentialfieldgiven
byR. T. Jonesinreference1. Thelinesourceresultsina wedge-
shapedfigure,ofcourse,butforthepurposeoftreatingcontrol
surfacesthevelocitydistribution onlyonesideofthewedgeneed
be considered,sinceno interactionbetweenupperandlowersurfaces
‘It shouldte notedthatthedeflectionofa controlsurfaceproduces
a gapbetweenthecontrolsurfaceandtheadjaoentwingsurface
throughwhicha leakageofairmaytake place. Leakagemy SJ.SO
occurfromthelowerto theuppersurfaceofthewingifthegap
at thehingelineisunsealed.Theeffectofleakagecannotbe
determinedtheoreticallybecauseofviscosityeffects.An experi-
mentalinvestigationisrequired.
.
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exists.Theperturbationvelocitiesaxeequalonbothupperand
lowersurfacesoftheaontrolsurfacebutem ofopposi~signso
thatthelifting-pressureoc ffIcientis
a?=4E
q v
Uhentheresultsofreference1
withthehingelinesweptbehindthe
(asubsonfchingeline),itisfound
f iciembis giwn by
areappliedto a controlsurface
Mschcme fromtheorigin
thattheliftl~pressureccef-
.
L& 45 n?a-- co8@ (lZ)
K P@%l=) (14) m~ IMill
wherea = ~, defininganyrayfromthemigin. (Ia+u~indicates
absolutevalueIstobeused~
If thehingeMne issweptahead
*=38 m?
q n L@%lF) (UfU)
ofthe&oh cone
Cos-1 MEL)
La ~
(2)
Theseequationsgivethelifting-pressureccmfficientforany
pointwithinthezoneof influenceofthecontrolsurfaceIncluding
thatpcrtlonofthewingad~acentotheinboardendofthecontrol
surfaoe.Figure2 showst~icalpressuredistributions.
Ifequations(1)and (2)arerewrittenas
Ap_~: n?
fl%/(f3=+*)(L?lF)G(9)~
the basicllfting-pressure
suxt%cemnfiguratimscan
co fficientsfora variety
be expremed.Thus,fora
(3)
(4)
of ccntrol-
singlecontrol
.
.
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sufacesimilarto theailercmof figure l(a)
G(a)= COSIP 1--T=T
F(a)= oorl 1-
m
Fortwoadjacentcontrolsurfacesdeflectedeqyalemounts,suchas
theelevatwsoffigure1(b)
G(a)= coslrlma= + cow 1 lsmaT=r
If theadjacentcontrolsurfacesareequald.ydeflected%utin
oppositedirectionssuchas to producea rollingmcmmnt
7
and
F(a)= Cos-1- — ~o~l l-ma
l-l Ia+ml
Uhequaldeflectionscan,ofcourse,be treatedby inserting
yro~ortionalityfactorsas cmfficientsforthetermsinthe
expressionsfor G(a) and F(a).Ifthecontrolsurfacesarenot
adjacenthuthaveaverl.appingzonesof influence,separateorigins
ereselectedforeach.
If thecontrolsurfacedoesnotextendto thetipofthewing,
G(a)=CoS&=~ - ‘o&-=.l~!l
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Where ab isreferredtotheoutboardendofthehingelinsas origin.
&rO xb and Yb’aretheOocrdinatesoftheoutboardendofthe
hingeline.
Thesecondtermintheexpressionfor G(a) Inthiscase
correspondstothesu~rpositlonofa llnesinkalongthehingeline
w~thitsoriginat ~,~ cancelingthedeflectionofthecontrol
surf’ beyondthispoint.
INDUCEDLIFT
Thebasicliftproducedby thedeflectionofa controlsurface
hasbeenshowntobe givenby rathersimplemathematicaleqmessions.
In ordertoccqletethecalculationfthepressuresduetocontrcl-
surfacedeflection,it isnecessarytodeterminetheeffectsof the
interactionbetweentheupperandlowersurfacesofthewingaround
thesubsonicedgesoftheplanformwhichfallwithinthezoneof
influenceofthecontrolsurface.Sincethepressurefielddueto
thebasicliftisconicalInform,thepowerfulmethodofthesupe~
positicmofconstant-liftsectorsusedInreference2 Isreadily
applicableto thecalculationf theseinductioneffects.In the
followingtreatmnt,ltheincrementalpressuresdeterminedby this
methodaretobe addedalgebraicallytothebasicliftingpressmes
to obtaina completesolution.
Tip
Whenthetipisalinedwiththestream,Itisevidenthat
interactionbetweentheupperandlowersurfacesofthecontrol
surfacexistswithintheMachconewithitsapexat thepointwhere
the&ah consofthecontrolsurfaceintersectsthetip. ’12Mextent
oftheinducednegativeliftresultingfrcmtheinteractionmaybe
determinedinthefollowlngmanner.
,.
.
Thepressuredi.ffemmcethatexistsalongthetipduetothe
basicliftiscanceledby theintegratedffectofthesuperposition
oftriangularelemmtsofconstantliftas showninfigures(a).
Thesectorsaresoplacedthatoneedgeisalongthetipandthe
.
.
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otheralonga ray a
sectorseresuchthat
conefromtheapexof
fromtheorigin.
betweentheedge
thesector- the
9
Thecharacteristicsofthese
elongthetipandtheMaoh
regionoverlappingthewing-
no downwashexists,so that theshapeofthecontrolsurfaceremins ,
unalteredaftersu&positiom.In thissameregion,thelift-
pressurecoefficientisvariable.Betweentheedgealongthetipand
theedgealongtheray a thelifti~pressurecoefficientis
constantandthedownwashvariable.Betweentheedgealongthe
ray a andthesectorkch cone,thelifting~ressurecoefficient
is zero.
Thedistributionfthelifti~pressurecoefficientforthe
superposedsectorfcmallregionsisgivenby reference2 ase
()~;gtw=(a (*C”-”+2P9Ap
Where ta definesa rayfromtheapexofthesectorpassingthrough
thepoint x,y underconsiderationa d (Ap/q)aisthemagnitude
of theconstemt-p~ssurecoefficientsoverthesector.()d-&&If @p/q)a is giventhevalue~ ~ , thatis, therate
ofchangeofthebasic-pressurecoefficientwith a t-s da. then
theinduced
positionof
A
A
pressurecoefficienta anypoint x,y dueto the”supe~
thesectorsalongthetipisgivenby
FW a control
()Ap— =—
\ ‘1/tip
where
surfacewitha subsonichingeline
--
e
Thefunctionsdescribingthepressure-coefficientdis ributionfor
thissectorandtheothersectorsgivenhereinarethoseappliedto
theright4andsideofthewingwhere y ispositive.
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and Gt(a) isthederivativewithrespecto a ofthe G(a)term
ofequation(3).Thetnteaationmustbe performedfromtheMach
cone,where G(a)
theMachconefrom
passesthroughthe
iszero;backtotheV&S of a, ao, forwhioh
thevertexofthetriangularsector~, s
point X,y underconsideration.Forthetip,
8s
a. = X+p(y+)
Althoughthe value of G?(a)
the integral.isfiniteandmaybe
AppendixA.)
becomesinfiniteat a=l and a=m,
evaluatedby graphicalmesas.(See
IftheMaohconeofthecontrolsurfacesweepsovertheleading
edgeofthewingtowhichthecontrolsurfaceIsattachedas shown
in figurel(a),equation(>)ismodifiedas follows
.
f
a.
+
1
_I a+ta+2ata ~
al Gt(a)COS ta-a
where G(al) isthevalueoftheterm G(a) at a=at and tal
denotesa rayfromthesectorsuperposedwithitsapexat the
leadingedgeofthetip.
Fora controlsurfacewiththehingeline
Machconefromtheoriginthesolutionforthe
effectsisasfollows:
sweptaheadofthe
tipinteraction
(%)
.
1
where ~ isthevalueof ta when a=m and F?(a) is tb
derivativewithrespecto a “ofthe F(a) termofequationK).
.
.
, , r ,
‘lb integrationagxl.nmat be carriedto a. andmy k evaluatedgraphicaUy.(SeeApymdixA.)
!$
>
Effect of !haIling Edge
E?b traflingedgeortheoontrol.eurfaoeissupersonic,superpositionofconstan~llft “
seotorsJ.cmgW trailhgedgetooanoelWs litiinthestream&ustothehinge-linesource does p
notMkmoe thepramms aheadofthetrailingedge, lhthisoasaonlytheinduoedlifth the ~S
tipregion9edsbemnsiaerea..
Ii&mthetrailinged@ ofthecontrolsurfaoeissubsonlo,Interactionwillexistbetweenthe
upperandluww surfaces.Theliftmustfallto zeroatthetrailingedge,thatis,theKutta
oondltimmet kmmet. !Ru3mthodaofrd%renoe2 my alsobe usedInthiscaseto evaluatethe
inducedW%. AgainWe superpositionofconstan&lLPtsectorswithoueedgealongthetrailing
e@@ome@~wa ray a i~usOa. Llk sectorshavebeenso*rived(fig.3(’b))thatthere
iszeroduwnwashbetweentherighteectorWoh Mm andtheedgeofthe
e* - theragiunmrlapplngthe* - andzeroliftMm3en theedge
a andtheleftsectcn?Machline.ThedistributionflWtlw-presmre
Wch coneofthesuperposedseotcmisgivenby refermoe2 as
seotor along the trailing
of t3M seotor along the ray
coefficientwlthlnthe
iSthe mgnltuda of the oonstant-prawnrra coefficient,
sector.
Rora singlecontiolsurfaoesuchastheaileronoffigure1,the
obtained@in by setting(&p/q)aequal.totherateofohmge ofthe
Fora subsonich- lti
sad ta definesa rayfrom
inducedprmmres em
baelcliftulth a tlms da.
m
I
..
andfora suparmnlc hingeI.lne
()A* ._~”J m’?lI-jg “ ~d (@’+&)(al) J
a.
P (a)Cos-10%) (a+%)=(ata*)
-1 (1+) (ta-a)
In these equations,~ definesa rayfrm thevertexofany
throughthepoint x,y underconsideration
ta - PY(W)+woa
x (m.&ikcl@o
5e intiwratlom shown mustb carriedoutfrm theMaohcone,
tie,
J
PNJ
constant-liftsector pakxdng
(a)
a=- 1 to thevalueof a,w,
correspondingtothelastsuperpoawiaectmtheMachccm ofwhloh”prosesthroughthopoint x,y
under conalderation.
Forthetrailin&migacorrection,
I?orad$mentcontrolsurfaoesimilartotheelevatorsoffigure1~), the
pressurealmngtberay a=o is canoeledby useofa smmtrioelconatant+lml
finitelifting
trlmglevithits s
apexat CO,O (fig.3(0))which asnodown&shortih betwentheleadingedge and the I&d corm. $
The pwssure field of the triangle is givenbyrefereme2 as -
kl
.
.
,
t ,
where (Ap/q)m_nis the lifting-pressm cmfficient dueto the hinge-line sourcesalongray a=o.~
u,-w
InthiBequation,to definesa rayfromthemrtix ofW tri~e at CoSO, tMo@ x,y. ~
!!31er l.uainingl ft alongthe
case so that for a subsonichinge
t--E
-o X+.
trailing edgeIs canceledInthemm manneras
line,thetotalinducedpressurecoefficientiH
J’
a.
Gt(a)COEF1(1*)(a+ta)+ (ata+Dkt)~+
o (1+)(ta+) 1
andfora supersonichingelineandsubsonictrailingedge
()/@..-!L!2Qg’q m’ [(, Co+cos-. (l+~y~’X’ Pq,/(~’+m’)(m?-l)
r’o+ I’t (a)cos-~o
m limit a. isa~ defined
Itcanbeseenthatthe
(l%) (a+ta)+(a%+%)
(1+)(t,-a)
da
1
for equations(7)and (8).
pressureincremntsresultingfrom
wound the trailingedgecawe negativelift to
conefromthe root trailingedgeofthecontrol
existalongand
surface.Since
(9)
(lo)
theevalmatkm oftheinteraction
outboardofthetipwithintheMach
thepresmrredifferenceat thetip
g
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.
mwt be zero,an additionalcorrectionmustbe appliedto this
portionof thetip. Thecorrectionis difficultsincethg
residual-flowfieldisnonconicalinform. Thisisespeciallybrue
ofa controlsurfacesimilarto theaileronoffigurel(a)whereall
ofthepressureinducedalongandoutboardofthetipisduetothg.
integratedeffectofthsobliquesectorsplacedalongthetrailing
edge. An approximatesolutionmy be obtainedeitherby assuming
thatthepressurefieldat thetipresultingfromthetrailing+dge
correctionisconicalfromtheintersectionfthecontrol-mrface
Machtongandthetraillngedge,orby replacingthetrailing-edge
basic-pressuredistributionby a stepdistribution,a conicalflow
fieldat thgtipbeingcalculatedforeachtrailing-edgeoblique
sectorplacedat a step.
Forcontrolsurfaces similar to theelevatorsoffigurel(b),
thecorrectionfortheliftinducedbeyondthetipissimplifiedin
mostcases,sincethecontributionf theintegrationftheoblique
sectorsalongthetrailingedgemaybe neglected.Thisleavesonly
the conicalflowfieldduetothefirsttermofequations(9)or
(10)whichmaybe treatedin the samemanneras theusualtip
correction.
In likemanner,thecomputationsof tipeffectarefoundto
givea decrenwntin pressurealongthetrailingedgewhichisnot
takenintoaccountby thetralli~dge computationsmntioned
previously.Thisflowfieldis alsononoonicalin form.
.
.
A similarsituationexistsbecauseof thetipcorrectiondueto
thetrailing-edgeinfluence~ntionedprevioudy.In general,itis
notconsideredworthwhiletocompletethesolutionofthesereflected
regionsbeyondthefirstoneortwostep~sincetheresidualpressures
aresmall.
Effect“ofL6adingEdge
If
wingto
theMachconefromtheorigincrossestheleadingedgeof the
whichthecontrolsurfaceie attached,theinteractionbetween
upperandlowersurfacemaybe determinedagainby thesuperposition
of constantliftsectcn-sas shownin figures(d). Againthesectoris
selectedto giveno downwashon thewingandconstamtpressurebetween
thewingleadingedgeandtheray a.
Thesolutionforsucha sectorhasbeentakenfroman as yet
unpublishedreportbyDr.PacoLagerstrcmwhichconsidersmanytypes
of “mixedflow”wings.Thepressurefieldisof..theform
, .
w~~ (.P/dais* @t* @ * conat~~w-~ -ff~dent.
y
.
P
I%my benotedthatthe qeaondtermof thisexpmxmioncau6esthelocalpressurestobecom 8
Itihiteattheleadingedge,anexpect’edresultoftheupwaahbetweentheleadingedgeof’thewing=
andthecmn’trol-atiaceMachcone.
()setting $ equalto therateof changeof thebasiulj.f%vith a tlm9B da,
a
where
Theauperpodlilon deaorfbedby WEI equationcancelsalltheliftdueto controldeflection
aheadof thelemtlngedgeof thewing,inoludlngtheliftbeyondthewingtipaheadof the
pro~ctedleadhg edge. EmmLnationof equation~(b)Ehowathatthe mparpoeltionof Me tip
aeatorsalsocauoelsIheliftbeyondthetip
.anathaw a
J
passingthroughtheleaalng
ofliftisdu Icated.ThisduplicationIMY
positionofleadi~@3 sectamsothatthe
in theregionbehmenthe&ojectedleadingedge
edgeorthetip. InthisregionthenthecancelJatlon
beavoidedby changbgtheequationforthesupe~
press-s aheadof theprojectedleadlngedge
~
I
1outlmwd d thet~p me notcumeledbytheleadln&dgecorrection.Theequationforthe
leadiqedgainduaedpresmuwthenbecanas
P
m
where G (az) Is thevalueof G(a) at a=al and ta, denoteBa rayfromthea~x of thesector
“
superposed at the I.aadlngedgeof thetip.
The integratkmemat be oarrledfromtheMachcone, a=l, where G(a) la zeroto the
leadingedgeofthetip a=al unlessthepointX,Y underconsidmationliesaheadof tk9M3ch
linefrcmthetip. In thiscase,theintegrationmat be aarriedouttoa valueof a,~,
correspondingtothe~aateuparposedmctm t~ ~ 00M of*ich ~l@s ~ Pofit XJY* ~
lasttwotermsofequation(U) disappaar.
Thelimit al isgivenaa
pE
at = ps
3- (We)
l
.,
b.
I
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andtheNmit a. is
a. = mZ X+py+(c-o)
X+PY-Z(Cw-%)
Thesuperpositionof the
17
ccnstan%liftsectorsalongtheleading
edgecausesa decreuntinpressurealongthetrailinge~ andthe–
tipwhichisnottakenintoaccountby thepreviouslydiscussed
correctionsfortheseregions.TheflowfIeldconespondingto these
pressuredecremntsisncnccnicalinformandmustbe evaluatedky
superposingconstan=liftsectorsto canceltheliftforeachsuper-
posedleading-edges ctor.Fortunately,inmostcasesthepressure
decrements~e sosmalltheymaybe neglected.,
If theMachconefromthetrailingedgeofthecontrolsurface
sweepsovertheleadingedgeofthewing,an additicnalcomputation
usinga revisedformofequation(11)mustbemade. k thiscase,
-theliftingpressurestobe addedaheadof thewingleadingedgeare
thosenecessaryto cancelthenegativepressuresresultingfromthe
trailing-edgecorrectionsofequations(7)or (9). -
Fora shglecontiolsurface,suchas an aileron,thedistrib~
tionofthebasicliftalongthetrailingedgegivenby thefunction
G may,forthepurposeof obtainingthenegativepressurefield
aheadofthewing,be replacedby a stepdistributionwhichis
canceledalongthetrailingedgebycbliquetrianglesoffinitelift
placedat thesteps.Eachofthesecancelingtriangleshasa
conicalpressurefieldwhichmaybe correctedforaheadof thewing
by equation(n) iftheterm Gt Inthisequationisreplaoedby
theequivalentderivativeforthepressureffeldofthetriangle
superposedat thestep.In eqyation(11),a thenreferstoa ray
fromtheapexofthetrianglesuperposedat thetip. Thelimitsof
theintegralandtheexpressionfor ta mustbe revisedaccordingly.
Foradjacentcontrolsurfacesofequaldeflectionsuchas the
elevatorsoffigure1, thecorrectionneededto eliminatethenegative
~essuressheadcfthewingresultingfromthetraili~dge corree.
ticnmaybe simplifiedby retainingonlytheconicalflowfield
dueto thefirsttermofequation-(9). This flowfieldmaybe
‘ treatedinthesamemanneras forthebasiclift(equation(n)).
CONTROLSUFU’ACEPARAMETERS
—
Ithasbeenshownby thepreviousdiscussionthatthepressure
at anypointonthewingmaybe determinedfora varietyofplanforms
.
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withsufficientaccuracyforestimtingcontrol-urfaceparameters.
Unfortunatelyit Isnotpossibletoeqpesstheparametersinclosed
formformostcases.In general,theinducedliftandhinge-mo~nt
mustbe evaluatedgraphically.
In ordertomaintainmaximumaccuracyInest~ting theparam-
eters Q5s C@J C25S~, etcc,itis suggestedthatthefollowing
procedurebe followed:
(a)Evaluatetheparametersforthebasicliftby integrating
analyticallythebasic—pressuredistributionsoverthezoneof
influenceofthecontrolsurfaoe.”
(b) Determinetheinducedeffectsdueto interactionaround
thesubsonicedgesoftheplanformbyplottingtheinducedpressures
at variouspanwisestationsandintegratingmechanicallyto obtain
forcesandmommts.
Thenforexample,
Becauseof thegreatnumberofequationsneededto coverall
varlationsincontrol-surfacespan,wingas~ectratioandtaperratio
forthecontrol-surfaceparametersforthebasiclift,noattempthas
beenmadeto developthemhere. In thesucceeding~ection%expre~
aionsforSO?Moftheparametersforthebasiclifthavebeendeveloped
In integralformtoactas a guideforthereaderin settingup
expressionsforanyparticularplanform. OnLycontrolsurfacesthat
extendto thetipofthewingaretreated.
VariationoftheBasicLiftCoefflclentw th Control
Deflectionat ConstantAngleofAttack,
ob
CL~
asic
Fora controlsurfaceofarbitraryplanform
wheretheintegrationmustbe carriedoutovertheenttiesurface
Influencedby thecontrol.Forplanformssuchas thoseoffigure1
witha tipcutoffparalleltothedirectionof flight,the
.
—
.
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integrationmust
elementaryarea
be
dA
oarried out overthevarious
betweentheray a andthe
thesameform. In general,threereghnsmustbe
19
regionswherethe
ray a+da retains
dealtvith,one
betweent$eMachcone a = - 1 andtheraypassingthroughthe
. trailingedgeofthetip, at; theseoondbetweentheray ~ and
theraypassingthro~ theleadingedgeofthetip, al; andthe
thirdbetweentheray az andtheMachconeat ad.. It isfoundthat
I#co= da froma=-2p(iL&a)2 1 to at
B2*~fima=~toa=az
s
mz2(c~o)2 da frmnaztoa=+l2P(a+q)&
Thenfora sulsonichingelinsandtipalinedwith
(1 $L 4 IF [J atP@j II%*CO=asic ‘p== i (P2*) (1-) -1 -
Jazj32s2 1 1~z=(t3@O)2 ~(a)+ G(a)da +at —2a2 -1 2(-Z)=
where
psaz=pa (c@o)
mz
——
—.
thestream
G(a)da
1
daJ (12)
!Ihisexpressionmaybe evaluatedby integratingby parts. It should
be notedthatthelastinte~aldisappearsif theMaohconeof the
controlsurfacedoesnotcrosstheleadingedgeof thewingandthe
upperlimitofthesecondintegralbecomes1.
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Fora supersonichingelineandtipalinedwiththestream
() 4 ~2 p atmt2c02$c~ basic= ~ 4/(~2+m2)(m’-l)-1 2(-)2
i-..
F(a)da
(13)
.
.
-1
If thetipiscutoffperpendiculartothedirectionofflight,
theareaterminthesecondintegraloftheseequationsbecoms —
[ 1
2
* g - (%?+0) da insteadof ~ da, andthelasttermin
.[ 1
2
equation(13) becomes; (*1) y - (c~+())
Ifthecontrolsurfaoeoconsidereda.rtiad~aoentelevators,then
thelowerlimitofthefirstintegralofequations(12)and (13)
becoreszero.
VariationoftheBasicRolling-Mo~ntCoefficientwith
Control–SurfaceDeflection.atConstant
AngleofSideclip,()%5 basic
‘Thercllingmomentproducedby unit
partial-spanilerons,whichdonothave
influence,is
oppositedeflectionof
overlappingzonesof
where bl isthedistancefromthecenterlineto theinboardendof
theaileronand 21 isthedistancefromtheinboardendofthe
aileronto thecenterofpressureoftheliftover6rea dAl
,
.
2
‘l=mE%c’J fma=-l tOa= ~
I
1 ,
l?ora Bubsonichingelineandtipallnadwiththe stream
For a supmmnic hingelIIM
(15)
B
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If thetlpiscutoffperpendiculartcthelineofflight,the
secondintegralinboththeseequationsischangedtohavethearea
termmentionedpreviouslyanda leverarmtermof
{
bl
[
_+g2 &_(cHo)
b 3 Pb mz 1} -
andbecomes
thelasttermofequation(15)becous
Var3ationoftheBa63c Hinge-MomentCoefficientwith
Control%urfaceDeflection,%5
()
.
basic
Thehingemomentofa contro:surfacesimilartoan aileron .
withno overlappingzonesof influenceisgivenas
where 22 istheleverarmofthelift overmea dA aboutthe
hingeline.Whenthetipisalinedwiththestream
2m m (~
-L2=——— -~) betweena=atanda=m3~~’ a
Fora subsonichingeline
.
,.-
l
Fora supersonichingeline
(17)
cutoffperpandioubrto thelineof flight,the secondintegxalsof
(17)becorm
or
withproperMmitssubstitutedml thelasttermof equation(17)becomss
/’rJ
-1
Variationof theBasicPitching-hhmctCoefficientwithControl-Surfaoe
Deflectionat ConstantAr@e of Attack,(%) basic
‘1’hsmitohimcmcmmtabout an axis throw% tb mex of the leading edge ofthewingdueto a
lmgituainal control isoodzol skate Ad-m i.o the Ei lercns of f;gure 1 ~) used for
where X is the
controlmrfaoes
of theliftover
distance in the x directionfromtheleading
and z~ thedistancefromthecontrol-aurfaca
area.aA.
Forbothailercna,If thehingelinesare subsonicandthe
edgevertexto thevertexof the
vertexto thecentercf pressure
tips arealinedtiththe stream
qco
b)ca )G(a)da
for the supemonichingeline 1“
,“. . t
ll?oradjaoentcontrolsucha6 elevatorstheconjugatecoa~l or co@ termsareadded.
Foratingviththetipcutoffpwpmtlculartothelineoffllght,theBeconilIntim?al
ofequations(18)d (19)becomes
with appropriatelimits.
Thelasttermofequatlm
[
A&!J &z-
2 ml
1
(19)beccmm ,,, .,
.;
,,, ,
;1
,.
1.
[
,,
1}
$- (cHo)
.,:7,
.,
,,,
:,, :i
:’ :,i
,,IL
I
1,
I I1’
!2
(19)
.+
1
,.
,,
t
.
G
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VariationofHinge-MonrmtCoefficientwith
AngleofAttaokat ConstantControl–
SurfaceDeflection,~
Valuesof C
%
maybe calculatedby thematerialofrefer-
ence2. It should notedthatvaluesof ~ obtainedforsuper-
sonicspeedsare in generalmorenegativethanat subsonicspeeds
andthereforehavea largerinfluenceindeterminingthestickforces
thanat subsonicspeeds.
ESTIMATEDCHARACTERISTICSOFSPECIFICONTROLSURFACES
Thedistributionflifting-pressureco fficientsoverseveral.
controlsurfaceshasbeencalculated.Thepressuredistributions
presentedweredetemlnedby calculatingthebasicliftingpressures
at varioustationsandcorrectingwherenecessaryfortheincrements
inpressurecoefficientdueto Inductioneffectsaroundthetip,
trailingedge,andleadingedge.
Elevators
Computationsweremadeforthecontrolsurfacesoffigure4 for
a l&chnuniberof @. Bothcontrolsurfaceshaveareasequalto
20percentofthetotalarea. Forthepressuredistributions,the
aspectratioand.taperratioofthewingsaresignificantonly
insofaras theyaffectthewingplanformwithinthezoneof influence
ofthecontrolsurface.A solutionforthecontrolsurfaceshown
-maybe usedforotheraspectratiosandtaperratiosifappropriate
valuesof wingarea andspanaresubstitutedintheexpressionsfor
thecontrol-swrfaceparameters.Figures(a)to (d)showthedis-
tributionoflifting-pressurecmfficientalongthechordat various -
spanwisestations.Sectionvaluesof CL5 and Chb aregivenat
eachstation.Thehinge-mcmwntcoefficientsarebasedon theave~
agechordIn thestreamdirectionforboththetaperedandconstank
chordcontrolsurfaces o thatthevaluesof @5 aredirectly
comparable.
Thedistributionbf pressurealongtherootchordIsseentobe
simi.lsrto theAckeretdistribution.Proceedingtowardthetip,the
pressuredistributionsapproachthefamiliarsubson~ctypeof
pressuredistributionverflappedwings.Thesectionhinge+ncxwmt
coefficientsfortheconstan~hordcontrolsurfaceareof thesam
orderofmagnitudeas thoseexperiencedat subsonicspeedsifthey
aremultipliedby theratiooffree-streamdynamicpress~eto the
dynamicpressurebasedonthecomponentofthefree-streamvelocity
perpendicularto theleadingedge.
.
.
.
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Figures6 and7 showthe spanwisevariationof the section
-valuesof CL5 and Ch5 andfigure8 showsthespanwisevsriation
of c& determinedby themethodsofreference2. Thecurveof
figure8 showstheeffectof thetipalinedwiththestresmin
reducingtheliftwithinitsMachconediscussedinreference2,
therebygivingvaluesof c~ nearzero.
Integratedvaluesofthecontrol-surfaceparameterssreas
follows:
Constant
chord
Tapered
chord
Ck . 0“39
Cha –.158
CL 1.65
%: -.105
m –.238
(Allvaluesarefordeflectionsand
0.338
-.152 ,i./ i .“
1.65 ,;-
-.313
-.205
anglesofattackinradians.)
Thevaluesof cc~areof smallermagnitudethanthosefor
controlsurfacesof thesamesizeat subsonicspeeds.A comparison
of thevaluesof Ch5 aui Cha isof interest;It isevident
thatthevalueof”@a canbe controllednearlyIndependentlyof
ch~ and Cm at anyMachnumberby varyingthetaperofthecontrol
surface.Thisisduefirstto thetypeof loadingat theroot& ‘“‘-
secondto thelargelossintheliftduetoangleof attackwhich
occurswithintheMachconeof thestreamwisetipof a wingwith
subsonicleadingedges.Thisvariationin
7
withtaperof the
controlsurfaceisa flmctionof aspectratio orofMachnuder)
becomingreaterwith,loweraspectratio(orlowerl&chnumber).
Calculationsforthesetwocontrolsurfacestiththetipcut
offpsralleltothestreamwereexbendedto thecontrolsurfacesof
figure9 whichhavethetipcutoffperpendicularto thestream.
Althoughthisentailsa changeinaspectratio,theresults=e still
of interest.Thechordwisepressuredistributionsforthefirst
threespanwisestationsintermsoftherootchordof thecontrol
surfacearethesameas thoseoffigures5(a),(b),and(c). The
pressuredistributionsoverthethreeremainingspanwisestationsare
showninfigures10(a),(b),and(c). Thedataoffigure1O(C)show
Infinitepressureat theleadingedgedueto theupwashbetweenthe
leadingedgeandtheMachcone.
—
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Figures11,12,and13showthevariationof sectionvglue6of
c%, cha,andcha alongthespan,theconstant+hordcontrolsurface
havinga spanof 60 percentofthewingspanandthetaperedchord
havinga spanof XLpercent,wingspan.Inte~ate@valuesof theparam-
etersa,reas follows:
constant Tapered ~
chord chord
CL5 0.358 0.287
chb -.172 –.155
c% 3.03 3.03
% –.193 -.348l
a~ –.118 –.og5
It shouldbenotedthatthesecontrolsurfacesarenotoftheS-
area.Theconstant-chordcontrolsurfaceis14.65percentof thetotil -
areaandthetaperedchordis13.33percentofthetotalarea.
Thevaluesof ~ givenin thetablearemuchsmallerthanthose
forthecontrolsurfacesof figure4 whichhavethetipalinedwith
thestream,evenconsideringthedifferencein therelativesizesof
thecontrolsurfacesin termsof percentageof totalarea.
Thisis dueto thefactthat.,as showninreference2, whenthe
tipisalinedwiththestreamostofthebasicliftduevoangleof
attackislostwithintheMachconefromtheleadingedgeofthetip;
whereaswhenthetipiscutoffperpendiculartothelineofflight
no liftislost.Thus,forlowaspectratiosandtaperratiosnesr1,
thealinementofthetiphasa powerfuleffecton ~. A corre-
spondingeffectofti~alinementon Cm occursbutisofmuchsmaller
magnitudethanfor C~. Thenetresultisthattheratioof C% to
~, whichiS ~, ismuchgreaterfora givenaspectratioand
control-surfacesizewhenthetipisalinedwiththestreamthanwhen
itiscutoffperpendiculartothedirectionofflight.
,
Aileron
Thecomputationsforthecontrolsurfacesof figurek were
extendedto a calculationof thecharacteristicsof theailerons
of figure14. Figure15showsthevariationofpressurecoefficients
alongthechordforthevariouspanwisestations.Thespanwise
variationof thesectionValueSof CL5 and Chb areshownin
.
.
.
.
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figure16. TIISintegratedvaluesaregiveninthefollowingtable:
~ ‘ . O.0~ (oneaileron)
CZ5 = O.O’pl(both ailerons)
% = 4. Qlllu(bothailerons)
Thesignificanceofthesevaluesmustawaitdeterminationf
thsdampinginrollandtherollingmomentdueto sideslip,which
problemsincidentallyappeexto%e smenableto treatmentby the
methodsofreference2.
Theremarksofthepreviousectionrelativeto theeffectof
thealinemntofthetipon ~ forelevatorsapplyingeneralto
theratioof Czb.to Czp.Forlowaspectratiosandtayerratios
near1, theeffectof tipalinementon CZ~ willbe verypowerful;
whereastheeffecton (2z
!’
Will
fromthestandpointof ob aining
controlsiurfaces,thetipof the
-s AeronauticalLaboratory,
NationalAdvisoryCommittee
MoffettField,Calif.
be small.” It seemsthereforethat
largevalues of pb/2V Withsmall
wingshouldbe alinedwiththestream.
forAeronautics,
AH’ENDIXA
Evaluationof IntegralsExpressingSuperpositionProcess
The integraleguationgivingthe itiucedlifti*pressure
incremntsdueto theinteractionbetweentheupperandlowersurfaces “
of thewingaroundthe streamwisetipfora controlsurfacewitha
subsonichingelineis
with
$(Y+)ta=— andG?(a) as discussedinthetext.f3s
x— —
a
.—
Thisequationmustbe evaluatidgraphical.ly.Kmlrhmately,
Machtom, a=l, andat libhingeline, a- changingEIERas thehingelinefe croaaed.
H the integrationof equation(Al)is carriedto a valueOf ~ greaterthan m, the
singularitiesat thehingeline, am, arenotencountered.In thiscaaa,sincethefuuction
G(a) hasthevalueof zeroat a-l,eq~tion @) maybe rewrittenIn a formwhichw be evaluated
graphicallyby replacingG’(a)daby dG(a).
where G (ao) is the value of the function G(a) at a%.
If the integration ofequatim (AI-)Is carriedto a valueof a. lessthan % thefunction
G(a) aswellas G~(a) becommlnflnttat a=m ad themtiod justdiscussedcannotbe used.
Inthiscase,thetitegralmy berewrittenaafollows:
thenatureof thedistributionof ~
thebasic1- dueto thedeflectionof theoontil surfaceIs suchthat G’(a)Is iofiniteat the
Consideringtheflratintegmlof theright-handsideof equation(A3),theBlngularity
berammedasfollova:
.
. ,
a+ta+2a&
when K is thsvalueof COE@ —
th+
when a=l,
K = WXJ_’-
when ad-,G*(a)
(
Oorl a+ta+2a&
)
- K M hdaterminate and my be evaluatedaa
t.g-a
lim G’(a)( )~ocl a+ta+2at8 _ K . ~a +1 ta+l
dnoe thederivatimIM thedemminatoriEIinfiniteat a=l,whilethatof MS nuueratcmi~ finite.
( EL+ta+2at~Cos+W (a) ta-a )-K my thanbeplottedfrom a=l. ii, ., y,:
To removethe singubrities at both a=l and a%, thefirstIntegralof theright-handside
of equation(A3) nayberewrittinasfollows:
r (P (a) 00s-11 a+~fiti ‘Ja “(a) (Oor’ a+2~-K): “la’’(a) Ua
(Ak)
where L isthevalueof co~l a+.ta-12ata at am
ta-a
u
~ . ~o=l m+~+ht’ P
te
I
,,
II ,! ii
‘1
When a=m, @ (a)
(
a+ta+2ata _ ~
Cos-1
ta-a )
1s indStamdlYxbe.
By differentiatinguumatorand denomlnationoe,it ia foundthat
The secondintegralof theri@t-handsideof equation(A3) w be treatedIn themum marmar.
r’ a+ta42ataf
a.
( ‘a+ ‘L) ‘i+LJ% “(a) h “)
a+ta+2ata
G’ (a) coE@ ~ ~ . G’ (a) cowl
m
a
m m
where Lhasthesazm
be removed.
Theevaluationof
valueas for thepretiousoaae,siucethe Angularityat a=m is a@n to
(
E
the tieterminatequantityGt(a)
_l a+ta+2ata
Coe
)
- L at a- @veEJthe*
tin-a !5
scumvalueas for thepreviouscams,but the signis opposibbecause-thelowerlimitis involved. ~
o
.
r
G$
. . * #
, *
m
f
a+ta+2ata0 ‘1(a)CO~l ~ _
a ‘faG’(a) (or’--K)*1 1
‘f G’(’)(“”-’a+%’)-L da+&L)G(a)+L G(~) (A6)
where G(ao) iEIthe ~tion G(a) at a% and the limit a IS any arbitraryvalueof a
betweena=l and a=inm
TM firstand secondIntagalxof equaticm(A6)mayh evaluatedgraphtodly. (The second
integral la plotted to the limiting valua 3* a-.)
!VM DBthoils usedabow fortheintegration along the +Ap of a ~ fora oontrolsurfaoewith
a mibsonichingelinemy alsobe Ugeaalongthetrai13ngedgeorleadingedgetorenmvethe
siqgilaritleeat theWch cons a -- 1 or a = 1 oratthehingeline a = m forcontrol8urfaces,
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thehingelinesofwhichintersecttheleadlngortrailingedges.
Themethodofequation(A2)maybeusedforthesingularity
at thel&chconeforsupersonichingelines.
1. Jones,RobertT.: ThinObliqueAirfoilsatSupersonicSpeed.
NACA~NO. 1107,1946.
2. Cohen,Doris:TheTheoreticalLiftofFlatSwep=ack Wingsat
SupersonicSpeeds.NACA~~0. 1555,1948.
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(a) Tip sector
0 q td +/
omt~ +1
Trailing edge oblique sector
o
(c) Trailingedge symmetrical sector (d) Leuding-edge’ sector
Figure 3- Gonstunt-loffdsectors used for superposition.
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Figure4- Swept-back control surfaces withstreumwiset@s.
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Rgure 9- Swept:bock controlsurfaces with cross-sfrem tips.
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Figure 10.- Ghordwise diktributlon of lifting–pressure coefficient for tapered and
constant-chord control surfaces with cross-stream tips.
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Figure1+ Luterol control surfuces on On untuperedswept-buck wing.
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